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A key observation of MDP

A policy 

= An action for each state

= { state-action pairs }
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State-action pairs are 
triggered to be observed

Combinatorial

with triggering

Can MDP be modeled in the framework of Combinatorial MAB?



Multi-armed bandits (MAB)

• A player and 𝑚 arms

• Each arm 𝑖 has a reward distribution 𝑃𝑖 with unknown mean 𝜇𝑖
• In each round 𝑡 = 1,2, … :

• The agent selects an arm 𝐼𝑡 ∈ {1,2,… ,𝑚}

• Observes reward 𝑋𝑡∼𝑃𝐼𝑡

• Objective: Minimize the regret in 𝑇 rounds 

Reg 𝑇 = 𝑇 ∙ 𝜇𝑖∗ − 𝔼 
𝑡=1

𝑇

𝜇𝐼𝑡
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best arm

items, products, movies, companies, …

Assume rewards are bounded on [0,1]



Upper confidence bound (UCB) [Auer et al., 2002] 

• With high probability ≥ 1 − 𝛿

𝜇𝑖 ∈ Ƹ𝜇𝑖 −
log 1/𝛿

𝑇𝑖
, Ƹ𝜇𝑖 +

log 1/𝛿

𝑇𝑖

• Optimism in face of uncertainty: 
• Believe arms have higher rewards, encourage exploration

• For each round 𝑡, select the arm

𝐼 𝑡 ∈ argmax𝑖∈ 𝐾 Ƹ𝜇𝑖 +
log 1/𝛿

𝑇𝑖(𝑡)

• Regret 𝜃 𝑚log 𝑇/∆ = 𝑚𝑇 log 𝑇
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Exploitation

Exploration

By Hoeffding’s inequality

Selection times of arm 𝑖Sample mean

∆ = min gap between best 
and suboptimal arms 



Combinatorial multi-armed bandits (CMAB)

• A player and 𝑚 arms

• Each arm 𝑖 has a reward distribution 𝑃𝑖 with unknown mean 𝜇𝑖
• In each round 𝑡 = 1,2, … :

• The agent selects an arm set 𝑆𝑡 ⊆ {1,2,… ,𝑚} with size ≤ 𝐾

• Observes feedback 𝑋𝑡,𝑖∼𝑃𝑖 for each 𝑖 ∈ 𝑆𝑡
• Receive reward 𝑅𝑡 𝑆𝑡 = σ𝑖∈𝑆𝑡

𝑋𝑡,𝑖 with mean 𝜇 𝑆𝑡 = σ𝑖∈𝑆𝑡
𝜇𝑖

• Objective: Minimize the regret in 𝑇 rounds 

Reg 𝑇 = 𝑇 ∙ 𝜇 𝑆∗ − 𝔼 
𝑡=1

𝑇

𝜇 𝑆𝑡
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best set

semi-bandit feedback

shortest paths, a list of items, influential seed set

Exponential # of actions 
𝑚
𝐾

! 

sum reward



Combinatorial UCB [Chen et al., 13]

• In each round 𝑡 = 1,2, … :

• Compute UCB𝑡,𝑖 = Ƹ𝜇𝑖 +
log 1/𝛿

𝑇𝑖(𝑡)
for each arm 𝑖

• Select the action 𝑆 = arg max
𝑆:|𝑆|≤𝐾

σ𝑖∈𝑆UCB𝑡,𝑖

• Regret ෨𝑂 𝑚𝐾𝑇
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Specialties of MDP: Triggering

• Triggering has been dealt before with CMAB

• 𝑟 𝑆∗; 𝜇 − 𝑟 𝑆𝑡; 𝜇
≤ 𝑟 𝑆∗; UCB𝑡 − 𝑟 𝑆𝑡; 𝜇
≤ 𝑟 𝑆𝑡; UCB𝑡 − 𝑟 𝑆𝑡; 𝜇

≤
𝑖∈ ሚ𝑆𝑡

𝑝𝑖(𝑆𝑡 , 𝜇) ∙ UCB𝑡,𝑖 − 𝜇𝑖
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Cascading Click Model

Influence Maximization

Triggering probability

Triggering set

Once observed, the 
UCB will decrease

1. Does MDP follows such triggering 
smoothness ?



Specialties of MDP: Vector-value

• Transition follows categorial distribution
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Could also treat transition as S Bernoulli variables
But with worse concentration

2. Does there exists a solver based on 
confidence set for MDP ?



Triggering smoothness & concentration

• Lemma. Episodic MDP satisfies 
𝑉1 𝑠1; 𝑝, 𝜋 − 𝑉1 𝑠1; 𝑝, 𝜋

≤
𝑠,𝑎,ℎ

𝑞(𝑠, 𝑎, ℎ; 𝑝, 𝜋) ƿ𝑝 ∙ 𝑠, 𝑎, ℎ − 𝑝 ∙ 𝑠, 𝑎, ℎ
⊤
𝑉ℎ+1 ∙ 𝑝, 𝜋

• (Bound 1) ≤ 𝐻σ𝑠,𝑎,ℎ𝑞(𝑠, 𝑎, ℎ; 𝑝, 𝜋) ƿ𝑝 ∙ 𝑠, 𝑎, ℎ − 𝑝 ∙ 𝑠, 𝑎, ℎ 1

• Concentration

𝒞𝑡 = ƿ𝑝 ∈ ∆𝑆: ƿ𝑝 ∙ 𝑠, 𝑎, ℎ − Ƹ𝑝𝑡 ∙ 𝑠, 𝑎, ℎ 1 ≤
2S log 1/𝛿

𝑁𝑡(𝑠, 𝑎, ℎ)

10

visitation probability

empirical transition

# of times visiting (s,a,h)

save 𝑆 compared to 
independent Bernoulli r.v.



Offline solver: Extended value iteration

• 𝜋𝑡 , ƿ𝑝𝑡 = argmax𝜋, ƿ𝑝∈𝒞𝑡𝑉1 𝑠1; 𝑝, 𝜋

• ℎ = 𝐻,𝐻 − 1,… , 1
• ƿ𝑝𝑡 ∙ 𝑠, 𝑎, ℎ = argmax ƿ𝑝∈𝒞𝑡 ƿ𝑝 ∙ ⊤ ത𝑉𝑡,ℎ+1 ∙

• 𝑄𝑡 𝑠, 𝑎, ℎ = 𝑟 𝑠, 𝑎, ℎ + ƿ𝑝𝑡 ∙ 𝑠, 𝑎, ℎ
⊤ ത𝑉𝑡,ℎ+1 ∙

• 𝜋𝑡(𝑠; ℎ) = argmax𝑎𝑄𝑡(𝑠, 𝑎, ℎ) and ത𝑉𝑡,ℎ 𝑠 = max𝑎𝑄𝑡(𝑠, 𝑎, ℎ)

• Linear problem over a convex polytope, solvable in 𝑂(𝑆2𝐴)

• Regret ෨𝑂 𝐻4𝑆2𝐴𝑇
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not optimal !
෨𝑂 𝐻𝑆 - worse than SOTA



Tighter smoothness & concentration

• Lemma. Episodic MDP satisfies 
𝑉1 𝑠1; 𝑝, 𝜋 − 𝑉1 𝑠1; 𝑝, 𝜋

≤
𝑠,𝑎,ℎ

𝑞(𝑠, 𝑎, ℎ; 𝑝, 𝜋) ƿ𝑝 ∙ 𝑠, 𝑎, ℎ − 𝑝 ∙ 𝑠, 𝑎, ℎ
⊤
𝑉ℎ+1 ∙ 𝑝, 𝜋

• 𝒞𝑡 = ƿ𝑝 ∈ ∆𝑆: ƿ𝑝 ∙ 𝑠, 𝑎, ℎ − Ƹ𝑝𝑡 ∙ 𝑠, 𝑎, ℎ
⊤
𝑉ℎ+1 ∙ 𝑝, 𝜋 ≤ ƿ𝑂

Var𝑝(∙|𝑠,𝑎,ℎ) 𝑉ℎ+1
∗ ∙

𝑁𝑡(𝑠,𝑎,ℎ)

• ≤ 𝜙𝑡 𝑠, 𝑎, ℎ = ƿ𝑂
Varෝ𝑝𝑡−1(∙|𝑠,𝑎,ℎ)

ഥ𝑉𝑡,ℎ+1 ∙

𝑁𝑡(𝑠,𝑎,ℎ)
+

𝔼ෝ𝑝𝑡−1(∙|𝑠,𝑎,ℎ)
ഥ𝑉𝑡,ℎ+1 ∙ −𝑉𝑡,ℎ+1 ∙

2

𝑁𝑡(𝑠,𝑎,ℎ)
+

5𝐻

𝑁𝑡(𝑠,𝑎,ℎ)
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unknown



Offline solver: Optimistic value iteration

• 𝜋𝑡 , ƿ𝑝𝑡 = argmax𝜋, ƿ𝑝∈𝒞𝑡𝑉1 𝑠1; 𝑝, 𝜋

• ℎ = 𝐻,𝐻 − 1,… , 1
• ƿ𝑝𝑡 ∙ 𝑠, 𝑎, ℎ = argmax ƿ𝑝∈𝒞𝑡 ƿ𝑝 ∙ ⊤ ത𝑉𝑡,ℎ+1 ∙

• 𝑄𝑡 𝑠, 𝑎, ℎ = 𝑟 𝑠, 𝑎, ℎ + 𝜙𝑡 𝑠, 𝑎, ℎ + ƿ𝑝𝑡 ∙ 𝑠, 𝑎, ℎ
⊤ ത𝑉𝑡,ℎ+1 ∙

• 𝜋𝑡(𝑠; ℎ) = argmax𝑎𝑄𝑡(𝑠, 𝑎, ℎ) and ത𝑉𝑡,ℎ 𝑠 = max𝑎𝑄𝑡(𝑠, 𝑎, ℎ)
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Result

• Regret 𝑂 𝐻3𝑆𝐴𝑇log(𝑆𝐴𝐻𝑇) + 𝐻3𝑆2𝐴log3/2(𝑆𝐴𝐻𝑇)

• Match lower bound Ω 𝐻3𝑆𝐴𝑇 up to log factors

• Save 𝑂 log5/2(𝑆𝐴𝐻𝑇) factor for 𝑂( 𝑇) term 
compared to [Zanette and Brunskill, 19]

• As a by-product, this work could derive 
gap-dependent bound naturally
[Simchowitz and Jamieson, 19] use a very 
complicated analysis to derive gap-free bound 
from gap-dependent bound
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Beyond MDP
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Generalization of smoothness & confidence

• Lemma. Episodic MDP satisfies 
𝑉1 𝑠1; 𝑝, 𝜋 − 𝑉1 𝑠1; 𝑝, 𝜋 ≤

𝑠,𝑎,ℎ
𝑞(𝑠, 𝑎, ℎ; 𝑝, 𝜋) ƿ𝑝 ∙ 𝑠, 𝑎, ℎ − 𝑝 ∙ 𝑠, 𝑎, ℎ

⊤
𝑉ℎ+1 ∙ 𝑝, 𝜋

• Assumption (Smoothness Condition). 

|𝑟(𝜋; ƿ𝜇) − 𝑟(𝜋; 𝜇)| ≤ 

𝑖∈ 𝑚

𝑞(𝑖; 𝜇, 𝜋) ⋅ ƿ𝜇𝑖 ∙ − 𝜇𝑖 ∙
⊤
𝑤𝑖 ∙ ƿ𝜇, 𝜋

• Confidence region

𝒞 𝜋 = ƿ𝜇 ∈ 0,1 𝑚×𝑑: ƿ𝜇𝑖 ∙ − ƶ𝜇𝑖 ∙
⊤
𝑤𝑖 ∙ ƿ𝜇, 𝜋 ≤ 𝐹𝑖

1

𝑁 𝑖
+

ҧ𝐼

𝑁 𝑖
, ∀𝑖 ∈ 𝑚

where σ𝑖∈[𝑚] 𝑞(𝑖; 𝜇, 𝜋)𝐹𝑖
2 ≤ ᪄𝐹
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weight ∈ [0,𝑤]
depend on policy

triggering probability



Generalization of solver

• Assumption (Offline Oracle).
Input: Confidence region 𝒞 defined on policy
Output: Action-parameter pair ( ƿ𝜋, ƿ𝜇) = ƿ𝒪(𝒞) s.t.
• ƿ𝜋 ∈ Π, ƿ𝜇 ∈ 𝒞( ƿ𝜋)

• is an 𝛼-approximation, i.e., 
𝑟( ƿ𝜋; ƿ𝜇) ≥ 𝛼 ⋅ max

𝜋,𝜇∈𝒞(𝜋)
𝑟(𝜋; 𝜇)

• Objective: Minimize 𝛼-Regret 𝔼 σ𝑡 𝛼 ⋅ 𝑟(𝜋
∗; 𝜇) − 𝑟(𝜋𝑡; 𝜇)
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Result

• Theorem. CUCB-MT achieves an 𝛼-approximate regret of 

𝑂 𝑚 ᪄𝐹 + ᪄𝐺 𝑇 +𝑚 ᪄𝐼 + ᪄𝐽 log 𝐾𝑇

• (Concentration 1) 𝜇 ∈ 𝒞𝑡 𝜋
∗

• (Concentration 2) 

𝜇𝑖 ∙ − ƶ𝜇𝑖 ∙
⊤
𝑤𝑖 ∙ ƿ𝜇𝑡 , 𝜋𝑡 −𝑤𝑖 ∙ 𝜇, 𝜋

∗ ≤ 𝐺𝑖
1

𝑁𝑡 𝑖
+

ҧ𝐽

𝑁𝑡 𝑖

for 𝜋𝑡, ƿ𝜇𝑡 = ƿ𝒪 𝒞𝑡
where σ𝑖∈[𝑚] 𝑞(𝑖; 𝜇, 𝜋)𝐺𝑖

2 ≤ ᪄𝐺
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Analysis

• Regret decomposition + CMAB-T analysis (e.g., triggering probability 
equivalence, reverse amortization, regret allocation)
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Application: Probabilistic Maximum Coverage

• Probabilistic maximum coverage (PMC)
• Weighted bipartite graph 𝐺 = (𝑈, 𝑉, 𝐸, 𝑝)

• Each vertex 𝑢 ∈ 𝑈 independently try to cover its neighbor 𝑣 ∈ 𝑉

• Probabilistic maximum coverage for goods distribution (PMC-GD)
• Weighted bipartite graph 𝐺 = (𝑈, 𝑉, 𝐸, 𝑝)

• Each vertex 𝑢 ∈ 𝑈 will cover one of its neighbor 𝑣 ∈ 𝑉 and σ𝑣 𝑝𝑢,𝑣 ≤ 1

• CUCB-MT achieves (1 − 1/𝑒)-regret ෨𝑂( 𝐾 𝑈 𝑉 𝑇)
• 𝐾 is the seed set size

• Improve over existing work [Wang & Chen, 17] by a factor of 𝑉
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Thanks!
&

Questions?

21

Shuai Li
• Associate Professor at John Hopcroft Center

Shanghai Jiao Tong University
• Research interests: Bandit/RL algorithms
• Personal website: http://shuaili8.github.io/

http://shuaili8.github.io/

